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Quantum memories are an important building block for quantum information processing. Ideally,
these memories preserve the quantum properties of the input. We present general criteria for
measures to evaluate the quality of quantum memories. Then, we introduce a quality measure
based on coherence satisfying these criteria, which we characterize in detail for the qubit case. The
measure can be estimated from sparse experimental data and may be generalized to characterize
other building blocks, such as quantum gates and teleportation schemes.
I. INTRODUCTION
In order to work, quantum computers need reliable
and well-characterized routines and devices. The loss
of quantum coherence, however, is one of the major ob-
stacles on the way to a scalable platform for quantum
computing, and the suppression of decoherence is known
as one of the DiVincenzo criteria for quantum computers
[1]. One main ingredient in any computing architecture is
the memory. Quantum computers are no exception and
furthermore, quantum memories play a central role in the
development of quantum repeaters [2–4]. Consequently,
the search for reliable systems that store quantum states
for a reasonable amount of time while preserving quan-
tum properties is an active area of research [5–11].
A possible way to verify the proper functioning of
quantum gates and quantum memories is to completely
characterize their behavior via quantum process tomog-
raphy [12, 13]. This, however, requires an effort expo-
nentially increasing in the size of the system. More im-
portantly, it is desirable to determine the change of phys-
ical properties, such as entanglement and coherence, un-
der the prescribed time evolution since these convey the
quantumness of the underlying process. By contrast, a
complete characterization does not distinguish between
these characteristics and minor details, making it harder
to identify the main features. Therefore, it is beneficial
to describe devices directly by their effect on physical
phenomena.
Several methods have been suggested to characterize
quantum memories: The quantumness of channels has
been assessed based on whether or not they preserve en-
tanglement, focusing on reducing the number of mea-
surements in bipartite optical systems [14, 15]. Fur-
thermore, quantum steering has been considered as a
way to evaluate the performance of quantum channels in
the case of untrusted measurement devices, again distin-
guishing channels that do and do not preserve entangle-
ment [16]. Finally, a resource theory of quantum mem-
ories has been developed [17]. The free resources are
channels that do not preserve entanglement. Using arbi-
trary pre- and postprocessing accompanied by unlimited
classical memory as free operations, the authors establish
a game-theoretic way to assess quantum memory perfor-
mance based on the entanglement of the corresponding
Choi state. Nonetheless, these attempts require either
well characterized test states as inputs, many measure-
ments on the output or an advanced scheme that has to
be implemented.
First conditions on how to generally assess the perfor-
mance of quantum memories were discussed in Ref. [2].
That work suggests using the fidelity as a performance
measure. In fact, instead of the fidelity, any distance
measure between the input- and the output state would
be suitable to measure the performance of such devices,
e.g. a measure based on the coherence of the states [18].
As the authors of Ref. [2] note, however, the fidelity is
sensitive to unitary transformations of the input, which
may be compensated by the quantum computer control-
ling the interface. With this in mind, the authors propose
to use the purity of the memory instead, which is indeed
insensitive to unitary transformations. However, the pu-
rity of a channel yielding a fixed, pure state independent
of the input is maximal, but such a channel would cer-
tainly not qualify as a proper memory.
With these considerations in mind, we introduce gen-
eral criteria for quality measures of quantum memories.
First, they should clearly distinguish schemes that re-
quire storing only classical information from perfect uni-
tary transformations. Second, as we assume that unitary
transformations can be corrected by the underlying quan-
tum computer, the quality of a quantum memory should
be invariant under such unitary transformations.
We then propose a measure that obeys these natural
properties using the phenomenon of coherence. The key
idea is that an ideal quantum memory preserves the co-
herence in any basis. The measure can be used to prove
that a memory preserves entanglement, moreover, it can
be estimated with few measurements, without the need
for well-characterized input states. Our concept may be
generalized to characterize also other quantum primitives
such as teleportation schemes and, using generalized no-
tions of coherence [19, 20], also to multi-particle quantum
gates.
II. MEMORY QUALITY MEASURES
To start, let us study what physical properties a mea-
sure for the quality of a quantum memory should have.
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2As non-classical properties are essential for many quan-
tum algorithms, the storage should preserve as many of
these properties as possible. A perfect quantum mem-
ory is given by the identity channel. In practice, how-
ever, this is rather difficult to achieve. In contrast to
that, measure-and-prepare (M&P) schemes (also known
as entanglement-breaking channels) can be easily sim-
ulated using only classical storage. One just performs
measurements on the input state and stores the result.
Based on that, one then prepares a quantum state on
demand.
These two examples show that a measure for the qual-
ity of a quantum memory should have two natural prop-
erties: First, it should be maximal for memories that
preserve the input state perfectly. As we assume that we
can perform unitary rotations, we also allow the memory
to apply a known and fixed unitary rotation to the input.
Second, the measure should have a non-maximal quality
for the M&P schemes described above, certifying genuine
quantum storage.
Formally, M&P channels can be written as [21]
M(ρ) =
∑
λ
Tr(Eλρ)ρλ, (1)
where the set {Eλ} forms a positive operator valued mea-
sure and the ρλ are density matrices. In the following,
letM be a quantum channel, i.e., a completely positive,
trace preserving map [22]. We can now formulate our
criteria for quality measures.
Definition 1. A map Q(M) ∈ [0, 1] for a channelM is
called memory quality measure, if it satisfies the follow-
ing.
M1: Q(M) = 1 ifM(ρ) = V ρV † for some unitary V ,
M2: Q(M) ≤ c for some constant c ∈ [0, 1) if M is an
M&P channel.
A memory quality measure is called sharp, if it addition-
ally fulfills the following.
M1’: Q(M) = 1⇔M(ρ) = V ρV † for some unitary V .
Obviously, condition M1 implies that the identity
channel has unit quality. Furthermore, for continuous
sharp measures, M1’ implies M2 since M&P channels
have a finite distance to the set of unitary channels due
to the compactness of the set [22].
III. DEFINITION OF THE MEASURES
Recently, there has been growing interest in coher-
ence in the light of resource theories [23]. This has led
to the development of various coherence measures that
quantify the amount of coherence present in a given D-
dimensional state. For a fixed basis (defined by some
unitary U such that |bi〉 := U |i〉), we use the normalized
robustness of coherence [24]
CU (ρ) :=
1
D − 1 minτ∈D
{
s ≥ 0
∣∣∣∣ρ+ sτ1 + s ∈ IU
}
, (2)
where D is the set of all D-dimensional states and IU is
the set of incoherent (i.e., diagonal) D-dimensional states
with regard to the basis U |j〉. However, our results are
valid for any continuous and convex coherence measure
with the property that the only states maximizing the
measure for a fixed basis U are given by
|Ψ~αU 〉 :=
1√
D
D−1∑
j=0
eiαj |bj〉 = UZ~α |+〉 , (3)
where ~α is some D-dimensional vector of phases and Z~α
is a diagonal unitary matrix with entries eiαj , acting on
|+〉 := 1√
D
∑
i |i〉. Note that the states in Eq. (3) maxi-
mize any valid coherence monotone, and for many promi-
nent coherence measures such as the robustness of coher-
ence [25], the l1-norm of coherence [26], and the relative
entropy measure [27], they are the only states doing so.
Furthermore, they are also maximally coherent in a re-
source theoretic sense [23, 26].
We define a physically motivated quality measure from
the following considerations: Given a quantum channel
M, there is a “most classical” basis, in which even the
most robust maximally coherent state with respect to
that basis is mapped to a state with small coherence.
This basis is identified by our proposed measure, and the
conserved coherence in this basis defines the quality.
Definition 2. For a quantum channel M, the quality
Q0 is given by
Q0(M) := min
U
max
~α
CU [M(|Ψ~αU 〉)]. (4)
Here, we writeM(|Ψ~αU 〉) instead ofM(|Ψ~αU 〉〈Ψ~αU |) for
convenience. If Q0(M) = 1, then in any basis at least
one maximally coherent state is preserved. Later, we
show that this already implies thatM is unitary.
To give an operational interpretation of Q0, we con-
sider a phase discrimination task. Here, the improve-
ment of the success probability over naive guessing using
a quantum state ρ is determined by its robustness of co-
herence [24]. If a suitable maximally coherent state is
stored before it is used as a probe state, the improve-
ment is quantified by Q0. Thus, Q0 certifies how well a
quantum memory preserves the usefulness of a maximally
coherent state for a phase discrimination task, without
specifying the incoherent basis U .
Despite the clear physical interpretation of this mea-
sure, there are related quantities which turn out to be
useful for the discussion. Therefore, we introduce two
additional parameters, which provide an upper and lower
bound on Q0. First, we consider the minimal coherence
left in any basis of the most robust maximally coherent
states if one minimizes over their bases:
3Definition 3. For a quantum channel M, the quantity
Q− is defined by
Q−(M) := min
U,U ′
max
~α
CU ′ [M(|Ψ~αU 〉)]. (5)
In contrast to Q0, the basis of coherence is varied inde-
pendently of the basis of the maximally coherent states.
Thus, we have that Q−(M) ≤ Q0(M). Second, as an
upper bound to Q0, we consider the minimal coherence
in any basis maximized over all states in the range:
Definition 4. For a quantum channel M, the quantity
Q+ is defined by
Q+(M) := min
U
max
ρ
CU [M(ρ)]
= min
U
max
|ψ〉
CU [M(|ψ〉)], (6)
where the equality is due to the convexity of the coherence
measure and linearity ofM.
Here, in contrast to Q0, the maximization is not lim-
ited to maximally coherent states. Hence, it holds that
Q−(M) ≤ Q0(M) ≤ Q+(M). (7)
Due to the minimization over all bases U (and U ′ forQ−),
for all channelsM and unitary channels V with V(ρ) =
V ρV † where V is some unitary, we have the following
identities:
Q±(M) = Q±(V ◦M) = Q±(M◦ V),
Q0(M) = Q0(V ◦M ◦ V−1). (8)
The quantities Q± are completely invariant under prior
and subsequent rotations, whereas Q0 is only invariant
under joint rotations. As such, the quantities Q± are
useful to obtain bounds on Q0.
Note that all measures are continuous in the space of
quantum channels (for the proof, see Appendix A).
IV. PROPERTIES OF THE MEASURES
We now show that the quantities Q0 and Q± are sharp
memory quality measures. First, using the Sinkhorn nor-
mal form of unitaries [28], we show the following.
Lemma 5. The measures Q± and Q0 fulfill property M1,
i.e. Q(V) = 1 for all unitary channels V.
Proof. As Q−(M) ≤ Q0(M) ≤ Q+(M), it suffices to
show the property for Q−. Furthermore, as Q− is invari-
ant under unitary rotations, it suffices to consider only
the identity channel id. Recall that
Q−(id) = min
U,U ′
max
~α
CU ′(UZ~α |+〉) = 1, (9)
where Z~α is a diagonal matrix with phases eiαj as entries,
is equivalent to the statement that for all bases U and U ′,
there exists a maximally coherent state in U that is also
maximally coherent in U ′. This can be stated as follows:
for all U there exist vectors ~α and ~β, such that
Z†~βUZ~α |+〉 = |+〉 , (10)
which is equivalent to the statement that the sets of max-
imally coherent states with regard to two different bases
always have a non-empty intersection. This interesting
geometrical question has been investigated and answered
positively recently; it was shown that any unitary oper-
ator U can be decomposed as [28]
U = Z1XZ2, (11)
where Z1 and Z2 are diagonal unitaries with the upper
left entry equal to 1 and X is a unitary matrix where the
elements in each row and each column sum to 1. Inserting
this decomposition into Eq. (10) shows that choosing ~α
and ~β such that Z~α = Z
†
1 and Z~β = Z2 yield the desired
equality, as |+〉 is an eigenstate of X.
Second, also the converse statement holds. The proof
is given in Appendix B.
Theorem 6. Q± and Q0 fulfill property M1’, i.e., if
Q(M) = 1, thenM is a unitary channel.
Finally, as the continuity of Q± and Q0 together with
property M1’ implies property M2, it follows that:
Corollary 7. The quantities Q± and Q0 are sharp mem-
ory quality measures.
In the case of single-qubit channels, we can find tight
numerical bounds on the quality of M&P channels (see
Theorem 11 below).
Additionally, the quality measure Q+ satisfies a useful
preprocessing property:
Lemma 8. The quality measure Q+ cannot be increased
by preprocessing the input, i.e. Q+(M ◦ N ) ≤ Q+(M)
for all quantum channelsM and N .
Proof. By definition,
Q+(M◦N ) = min
U
max
ρ
CU (M(N (ρ)))
≤ min
U
max
ρ
CU (M(ρ)) = Q+(M), (12)
which proves the lemma.
For Q−, we can prove a similar statement for the case
of unital, i.e., channels that map the maximally mixed
state to itself, single-qubit channels (see Lemma 12).
The measures introduced in Ref. [17] are monotonous
under pre- and postprocessing using unlimited classical
memory and preexisting randomness. This is not true
for Q0 and Q±. A counterexample is given by the chan-
nel N defined by ~λ = (0, 0, 1) and vanishing ~κ, and the
M&P channelMmaximizing Q0, given by ~λ = (0, 0, 1√2 ),
4FIG. 1. The image of the Bloch sphere (red area) of single-
qubit maps is an ellipsoid (blue area) with semiaxes λi, dis-
placed by ~κ.
~κ = ( 1√
2
, 0, 0). Then, Q0(M◦ N ) = 1√2  Q0(N ) = 0.
This counterexample also works for Q+. For Q−, choos-
ing N as the planar channel with semiaxes ~λ = (0, 12 , 12 )
and zero displacement, andM as the channel maximiz-
ing Q−, i.e., defined by ~λ = (0, 1√5 ,
1√
5
) and displacement
~κ = ( 1√
5
, 0, 0), leads to Q−(M◦N ) = 12√5  Q−(N ) = 0.
The non-monotonicity is expected for measures based on
coherence, because in contrast to entanglement, coher-
ence can be created locally. Furthermore, if a measure
is monotonous under the operations defined in Ref. [17],
it would assign the same quality to all M&P channels.
However, some M&P channels are more useful than oth-
ers for the task of phase discrimination.
It should be noted that the measures introduced here
are not faithful in the sense that any non-M&P chan-
nel can be detected. This is not possible with an effi-
ciently computable single measure, because such a mea-
sure would solve the separability problem, which is NP-
hard [29].
V. THE SINGLE-QUBIT CASE
The action of single-qubit channels can be well under-
stood in the Bloch picture. The Bloch decomposition of a
qubit state is given by ρ = 12 (1+~v ·~σ), where ~v ∈ R3 is re-
quired to have a length equal to or smaller than 1 in order
for ρ to be positive semidefinite, and ~σ = (σx, σy, σz)T ,
with σi being the Pauli matrices.
Any quantum channel corresponds to an affine trans-
formation ~v 7→ Λ~v + ~κ with a real matrix Λ and a dis-
placement vector ~κ [22], where some restrictions on Λ and
~κ apply to ensure complete positivity. Thus, the image of
any single-qubit channelM is given by an ellipsoid in the
Bloch sphere, where the semiaxes are given by the singu-
lar values of Λ and the ellipsoid is translated by ~κ. The
surface is given by the image of the pure states underM
because of linearity (see Fig. 1). Any maximally coher-
FIG. 2. Left: Projection of the ellipsoid in the 1-2-direction to
obtain upper bounds on the measures. Red dots indicate the
points of the image of maximally coherent states in some basis
which touch the boundary of the projected ellipse. Right:
Projection of the ellipsoid in the direction of ~κ. The semiaxes
of the projection are bounded by the semiaxes of the ellipsoid.
ent state is a pure state, and vice versa, any pure state is
maximally coherent in some basis. Since any transforma-
tion of ~v can be decomposed into rotations, contractions
and a translation, the set of maximally coherent states in
a fixed basis, forming a great circle in the Bloch picture,
is mapped onto the boundary of an ellipse given by a cut
through the center of the ellipsoid.
To find bounds on the quality of single-qubit M&P
channels, we use a geometric approach. Q−(M) deter-
mines the axis in the Bloch sphere and the ellipse on the
image’s surface ofM that minimize the maximal distance
of any point on this ellipse to the axis. This is because, in
the computational basis, C1(ρ) = |vx + ivy| =
√
v2x + v
2
y
[24], which is the distance of a point at ~v from the z axis,
which defines the computational basis. For any other ba-
sis, the Bloch sphere can simply be rotated, leading to
the same geometric result for any basis. For Q0(M), the
ellipse is fixed by the axis depending on the channelM.
To find an upper bound on the measures Q− and Q+
(and from the latter for Q0), it is sufficient to replace the
minimization over all axes by a fixed set of directions in
the Bloch sphere, which allows us to obtain the following
bounds.
Lemma 9. Let M be a single-qubit channel defined by
displacement vector ~κ and transformation matrix Λ with
singular values λ1 ≤ λ2 ≤ λ3. Let ~κ = (κ1, κ2, κ3)T in
the bases where Λ = diag(λ1, λ2, λ3). Then, Q−(M) ≤
min(
√
κ21 + κ
2
2 + λ1, λ2) and Q0(M) ≤ Q+(M) ≤
min(
√
κ21 + κ
2
2 + λ2, λ3).
Proof. Instead of minimizing over all bases, we restrict
the minimization to a discrete set to obtain an upper
bound. For both Q−(M) and Q+(M), we consider the
axes along ~κ and along the largest singular value of Λ.
To obtain an upper bound on Q+(M), we simply take
into account all states on the surface of the ellipsoid. The
largest possible distance to the axis along ~κ clearly is λ3
since the axis goes through the center of the ellipsoid
(see Fig. 2, right). Similarly, the distance from the axis
along λ3 is the distance to the center, which is given by√
κ21 + κ
2
2, plus at most λ2 since the axis is parallel to λ3
5(see Fig. 2, left). Because of the minimization over all
bases, an upper bound is then given by min(
√
κ21 + κ
2
2 +
λ2, λ3).
In the case of Q−, we can additionally choose the set
of maximally coherent states. Since the channelM cor-
responds to an affine transformation of the Bloch vector,
any ellipse on the surface of the ellipsoid with the same
center as the ellipsoid is the image of a great circle on the
surface of the Bloch sphere. Each of these circles is the
set of maximally coherent states with respect to some
basis. Hence, we can choose any ellipse on the surface
of the ellipsoid and determine the maximal distance to
the chosen axis to obtain an upper bound. For the axis
along ~κ, we choose the ellipse with semiaxes λ1 and λ2.
Then, the maximal distance is at most λ2 since the axis
goes through the center of the ellipse. In the case of the
axis along λ3, the ellipse with semiaxes λ1 and λ2 lim-
its the maximal distance to
√
κ21 + κ
2
2 + λ1 (see Fig. 2,
left). Again, the minimum of the cases considered gives
an upper bound on Q−(M).
One can also find lower bounds on the quantities, which
will later be useful for applications.
Lemma 10. Let M be a single-qubit channel defined
by displacement vector ~κ and transformation matrix Λ
with singular values λ1 ≤ λ2 ≤ λ3. Then, Q0(M) ≥
Q−(M) ≥ λ1 and Q+(M) ≥ λ2. IfM is unital (~κ = 0),
equality holds for Q±.
Proof. In order to find lower bounds, we have to show
the bound in all coherence bases.
For Q+, we have to consider – for every coherence basis
– the maximal distance to the center of the projection of
the ellipsoid onto the plane perpendicular to the coher-
ence direction. This projection is an ellipse with semiaxes
µ1 ≥ λ1 and µ2 ≥ λ2, displaced by some vector from the
center. If the displacement is 0, the maximal distance is
given by µ2 and therefore at least λ2. For nonvanishing
displacement, the maximal distance can only increase,
yielding the lower bound for Q+.
For Q−(M), we additionally have to minimize the
maximal distance to the axis of two opposite points on
this ellipse, due to the additional minimization over the
input coherent states. This is in any case larger than µ1
and therefore larger than λ1.
Finally, if the channel is unital, note that the minimum
over the coherence bases is attained in the direction of λ3,
where for Q−(M), we consider the states mapped to an
ellipse along the λ1-λ3-axes, giving a maximum distance
of λ1. For Q+(M), the maximum distance of the non-
displaced ellipsoid in this basis is given by λ2.
The upper bounds on the quality measures can be used
to obtain tight bounds for M&P qubit channels.
Theorem 11. Let M be a single-qubit M&P channel.
Then, it holds that
Q0(M) ≤ Q+(M) ≤ 1√
2
(13)
FIG. 3. Ellipsoid representations of the M&P channels that
maximize the different quality measures. The displacement
vector ~κ is depicted by the dotted black line; the semiaxes, by
the blue and green lines. Left: The M&P channel maximizing
Q− maps to a disk of radius 1√5 , displaced by
1√
5
. Right: The
M&P channel maximizing Q0 and Q+, mapping to a straight
line of length 2√
2
, displaced by 1√
2
.
and Q−(M) ≤ 1√5 . Additionally, ifM is unital (~κ = 0),
Q0(M) ≤ Q+(M) ≤ 1
2
(14)
and Q−(M) ≤ 13 . All of these bounds are tight.
Proof. Let M be defined by displacement vector ~κ and
transformation matrix Λ with singular values λ1 ≤ λ2 ≤
λ3. Since we only consider Q+ and Q−, we can assume
without loss of generality that Λ = diag(λ1, λ2, λ3). Let
~λ = (λ1, λ2, λ3)
T . Complete positivity of a single-qubit
channelM is equivalent to ρM ≥ 0 where ρM is the Choi
matrix ofM [30–33]. Using Descartes’s rule of signs [34]
on the characteristic polynomial of the Choi matrix ρM,
complete positivity of the channel is equivalent to the set
of inequalities
|~κ|2 + |~λ|2 ≤ 3, (15)
|~κ|2 + |~λ|2 − 2λ1λ2λ3 ≤ 1, (16)
(1− |~κ|2)2 − 2(1− |~κ|2)|~λ|2 − 1
2
|~λ|4
+8λ1λ2λ3 +
1
2
∑
i
D2i − 4 ~K · ~L ≥ 0,
(17)
where Di =
∑3
j=1(−1)δijλ2i , ~K = (κ21, κ22, κ23)T and ~L =
(λ21, λ
2
2, λ
2
3)
T . Similarly, single-qubit channels are M&P
channels if and only if 121 − ρM is positive semidefinite
[33]. This yields the same set of equations with λi ↔ −λi.
In the following, we apply these restrictions to Lemma 9.
Clearly, the bounds from Lemma 9 only become worse if ~κ
is rotated such that ~κ = (|~κ|, 0, 0)T . However, rotating a
M&P channel in such a way always leads to another M&P
channel as can be seen from Eqs. (15) to (17). Thus, we
can restrict ourselves to this type of channel. For these
channels, the eigenvalues can be evaluated analytically
and maximization of the bounds over these channels for
6Q− results in the channel
M−(ρ) = 1
2
[
1+
1√
5
(σx + Tr(ρσy)σy + Tr(ρσz)σz)
]
.
(18)
It is visualized in the Bloch picture in Fig. 3 and has the
quality of Q−(M−) = 1√5 . For Q+, the optimization of
the bounds over the channels yields
M+(ρ) = 1
2
[
1+
1√
2
(σx + Tr(ρσz)σz)
]
, (19)
with Q0(M+) = Q+(M+) = 1√2 . The channel is visual-
ized in Fig. 3.
For unital channels, i.e., ~κ = 0, the condition for sep-
arability reads
∑
i |λi| ≤ 1 [21]. Maximizing under this
constraint yields for Q− the depolarizing channel
M′−(ρ) =
1
3
ρ+
1
3
1 (20)
with Q−(M′−) = 13 . For Q0 and Q+, we obtain the
planar channel
M′+(ρ) =
1
2
[
1+
1
2
(Tr(ρσy)σy + Tr(ρσz)σz)
]
(21)
with Q0(M′+) = Q+(M′+) = 12 .
Finally, we have a statement similar to Lemma 8 for
Q− if the channel is unital:
Lemma 12. LetM and N be unital channels acting on
single qubits (D = 2). Then, it holds that Q−(M◦N ) ≤
Q−(M).
Proof. First, note that the composition of unital chan-
nels is again a unital channel. As shown in Lemma 10,
the quality measure Q−(M) for a unital channel M is
given by the minimal singular value of the matrix ΛM,
i.e., λ1(ΛM). With this, we have that
Q−(M◦N ) = λ1(ΛM◦N )
≤ λ1(ΛM)λ3(ΛN )
≤ λ1(ΛM) = Q−(M). (22)
For the first inequality, we have used the fact that
ΛM◦N = ΛMΛN and Theorem 3.3.16 from Ref. [35]. The
second inequality follows from the fact that for channels,
all the singular values of the matrix Λ have to be less
than or equal to 1.
To illustrate how the measures can be determined for
specific single-qubit channels, we examine several well-
known channels.
VI. EXAMPLES OF SINGLE-QUBIT
CHANNELS
In the following, we consider the phase-flip, the
amplitude-damping and the depolarizing channel and de-
rive their quality in terms of Q0 and Q± .
– The phase-flip channel P: The matrix Λ for the
unital (i.e., ~κ = 0) phase-flip channel P, is given by
diag(1 − p, 1 − p, 1) with 0 ≤ p ≤ 1. It can be real-
ized by a M&P scheme for p = 1 only. Using the re-
sult from Lemma 10 for unital channels, we have that
Q−(P) = Q0(P) = Q+(P) = 1 − p. It should be noted
that any bit-flip or bit-phase-flip channel is related to
a phase-flip channel with the same error probability p
via a transformation of the form V ◦ P ◦ V−1, where
V(ρ) = V ρV † is a unitary channel. Hence, the quality
measures Q± and Q0 for these channels with the same
error probability coincide. Note that Q− excludes unital
M&P schemes for p < 23 , while Q+ and Q0 exclude them
for p < 12 .
– The amplitude-damping channel A: The matrix
Λ for the amplitude-damping channel A is given by
diag(
√
1− p,√1− p, 1 − p) and ~κ = (0, 0, p)T , where
0 ≤ p ≤ 1. This channel can again be implemented
by M&P schemes only if p = 1. Considering the max-
imal coherence of the states in the image of this chan-
nel with respect to the computational basis shows that
Q+(A) ≤
√
1− p. Using that λ1 ≤ Q− ≤ Q0 ≤ Q+ leads
to Q− = Q0 = Q+ =
√
1− p. Thus, Q− excludes M&P
schemes for p < 45 , whereas Q+ and Q0 exclude them for
p < 12 .
– The depolarizing channel D: The matrix Λ for the
unital depolarizing channel D is given by diag(p, p, p),
where 0 ≤ p ≤ 1. This channel is an M&P channel
only if p ≤ 13 . Because of symmetry, it is clear that
Q− = Q0 = Q+ = p. Thus, Q− certifies the full range
of non-M&P channels if it is known that the channel is
unital, while Q0 and Q+ exclude M&P schemes in the
case of p > 12 .
VII. EXPERIMENTAL ESTIMATION OF THE
QUALITY OF A QUANTUM MEMORY
In this section, we explain how to determine a lower
bound on the quality measures from experimental data
for qubit systems for channels close to the identity chan-
nel. This situation is of major interest, as a perfect quan-
tum memory corresponds to the identity channel.
Obviously, it is possible to obtain (lower bounds on)
the quality measures by performing process tomography
of the channel and then using the obtained characteriza-
tion. However, process tomography requires the ability
to prepare a set of input states with a high precision as
well as many well characterized measurements [12, 13].
Here, we only assume that one can prepare three differ-
ent states {ρi}3i=1 such that for the output states one can
7FIG. 4. Lower bound (solid blue line) and allowed values
above this bound (in blue) for the quality measure Q−, given
that in certain directions a coherence of at least c is measured.
The upper bound for M&P channels of 1√
5
is displayed by the
dashed orange line.
certify a lower bound ci ∈ [0, 1] on the coherences
CUx [M(ρ1)] ≥ c1, CUy [M(ρ1)] ≥ c1,
CUx [M(ρ2)] ≥ c2, CUz [M(ρ2)] ≥ c2,
CUy [M(ρ3)] ≥ c3, CUz [M(ρ3)] ≥ c3, (23)
where the Uj correspond to the usual x, y and z directions
on the Bloch sphere (i.e., Uj = eiσjpi/4 for j = x, y, z).
This can, for instance, be achieved using the method from
Ref. [36]. If the input states are chosen carefully and
the channel is close enough to a unitary transformation,
it suffices to conduct only three measurements in total.
These measurements certify that there are states close to
the eigenstates of the Pauli matrices in the image ofM.
Furthermore, we only assume a bound on the coherence
of the output of the quantum memory; nothing additional
is assumed for the input- or output states.
For simplicity, we consider the case where c := c1 =
c2 = c3. As the smallest semiaxis is a lower bound on
Q−, one can determine the channel that shows the small-
est possible λ1 compatible with the observed data. In
particular, it is required that the image of the channel
contains states for which the bounds given in Eqs. (23)
are fulfilled. For c >
√
2
3 ≈ 0.82, there must be at
least three different states close to the boundary of the
Bloch sphere. Numerically optimizing over all compati-
ble channels leads to the lower bounds depicted in Fig. 4.
Hence, for values of c & 0.82 it is possible to obtain non-
trivial lower bounds on the quality measure Q− (and,
hence, also on Q0 and Q+) by having access to only a
few lower bounds on the coherences of three different
states. M&P channels can be excluded with certainty
if Q− > 1√5 ≈ 0.45, which is given for c & 0.9.
As an example, consider the amplitude-damping
channel A from above. One can find states for which
c =
√
1− p and, thus, exclude M&P channels for
p . 0.19.
For higher-dimensional channels, the estimation is
more involved. In the following, we discuss how experi-
mental data from higher-dimensional quantum memories
M could be used to estimate the memory performance
measure Q0(M). Since we know that Q0(M) = 1 iffM
is unitary, we writeM = V+K, where V is some unitary
channel and K(ρ) =M(ρ) − V(ρ) for all states ρ. From
Lemma 5, it follows that with respect to any basis U with
basis vectors |bi〉, there always exist two maximally co-
herent states |φ〉 and |ψ〉 such that V(|φ〉) = |ψ〉. Thus,
for ρ =M(|φ〉) = |ψ〉 〈ψ|+K(|φ〉 〈φ|) we have that
CU (ρ) ≥ − 1
D − 1 Tr(Wρ)
=
1
D − 1 (D 〈ψ| ρ |ψ〉 − 1)
=
1
D − 1 (D +D 〈ψ| K(|φ〉 〈φ|) |ψ〉 − 1) , (24)
where we have used the notion of coherence witnesses
introduced in Ref. [24] with W = 1 − D |ψ〉 〈ψ|, which
gives a lower bound to the robustness of coherence. Let
λ = minσ λmin[K(σ)], i.e., λ is the smallest eigenvalue of
K(σ) for any state σ. Then,
Q0(M) = min
U
max
~α
CU [M(|Ψ~αU 〉)]
≥ D(1 + λ)− 1
D − 1 . (25)
To determine λ, we resort to the Choi matrix ηK of K.
Hence
λ = Dmin
σ,|s〉
〈s|TrA[(σT ⊗ 1)ηK] |s〉
= D min
|a〉|s〉
〈a| 〈s| ηK |a〉 |s〉 , (26)
which can be estimated using experimental data. For
instance, let ηM and |φV〉 〈φV | be the Choi matrix
of the cannels M and V, respectively. V might be
guessed heuristically from the obtained data, determin-
ing |φV〉 〈φV |. The experimental data will impose lin-
ear constraints on ηM and, hence, also on ηK. Us-
ing a see-saw optimization, it is possible to optimize
λ = Dminσ,ρ Tr[(σ ⊗ ρ)ηK] over states σ and ρ with al-
ternating semidefinite programs [37].
VIII. CONCLUSIONS
We introduced a physically motivated measure Q0 that
characterizes quantum memories by their ability to pre-
serve coherence. Using the upper and lower bound Q±
we prove that the measure fulfills all the desirable prop-
erties for such a quantifier. For a single-qubit quantum
memory, the measure can be evaluated for many scenar-
ios, even if only restricted experimental data is available.
In contrast to full process tomography, our scheme does
not require the precise preparation of states but demands
only the certification of (sufficiently high) lower bounds
on certain coherences of three unknown states.
8For future work, it is desirable to extend the method to
characterize and verify other basic elements of quantum
information processing. A simple extension is the case
of quantum teleportation, where the results can directly
be applied. More interesting is an application to two-
qubit gates. The fact that a two-qubit gate generates
entanglement, can be seen as the property that a certain
two-level coherence increases [19, 20]. In this sense, our
method may be extended to characterize the entangling
capability of multi-qubit quantum gates.
Note added: Recently, we became aware of a similar
approach, which was submitted recently [38], also intro-
ducing a measure of quantum channels using coherence.
Instead of considering the most robust or maximally co-
herent states, the authors are interested in the average
coherence preserved over all states.
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APPENDIX A: PROOF THAT THE MEASURES
ARE CONTINUOUS
Here, we prove the continuity of the quantities defined
in the main text. To do so, we first show that the robust-
ness of coherence is continuous. This settles a problem
raised in Ref. [39].
Lemma. The robustness of coherence is continuous.
Proof. For a D-dimensional state ρ, the normalized ro-
bustness of coherence is given by
CR(ρ) =
1
D − 1 minσ∈IU {s ≥ 0|ρ ≤ (1 + s)σ} , (27)
where IU is the set of incoherent D-dimensional states
with respect to the basis defined by U [25]. Continu-
ity means that for all  > 0 there exists a δ > 0 such
that for states ρ and τ with ‖ρ− τ‖ < δ, it holds that
|CR(ρ)− CR(τ)| < .
We use the trace norm, which, for Hermitian matri-
ces, is the sum of the absolute values of the eigenvalues.
Thus, ‖ρ− τ‖Tr =
∑
j |λj(ρ− τ)| < δ implies that all
eigenvalues of τ − ρ are upper bounded by δ and hence,
τ − ρ ≤ δ1. (28)
Let CR(ρ) = s
∗
D−1 and let σ
∗ ∈ IU be a state such that
ρ ≤ (1+s∗)σ∗. Then, together with Eq. (28) we have that
τ−δ1 ≤ ρ ≤ (1+s∗)σ∗, or τ ≤ [(1+s∗)+δD] (1+s∗)σ∗+δ1(1+s∗)+δD .
Since (1+s
∗)σ∗+δ1
(1+s∗)+δD is a normalized incoherent state, it fol-
lows that CR(τ) ≤ s∗+δDD−1 = CR(ρ) + , where we use
that CR(ρ) = s
∗
D−1 and we choose δ =
D−1
D  > 0. Analo-
gously, one finds that CR(ρ) ≤ CR(τ)+ which completes
the proof.
Using this result, we prove the continuity of our quan-
tities.
Lemma. The quantities Q± and Q0 are continuous.
Proof. Let M be a quantum channel; then the corre-
sponding Choi state ηM is given by [30–32]
ηM = 1⊗M(|φ+〉), (29)
with |φ+〉 being the maximally entangled state
1√
D
∑
i |ii〉. Using the Choi state, the inner part of the
expressions for Q− and Q0 can be written as
CU ′(M(|Ψ~αU 〉))
=CU ′(D TrA[(|Ψ~αU 〉〈Ψ~αU |
T ⊗ 1)ηM]),
(30)
which is continuous in α,U, U ′ and ηM. Repeatedly ap-
plying the maximum theorem [40], and using the fact that
the robustness of coherence is continuous, shows that Q−
and Q0 are continuous in ηM.
If a sequence of channels {Mi}i converges to a channel
M with regard to the diamond norm, then the sequence
{ηMi}i must converge to ηM [41, 42].1 This implies that
the function above is also continuous in M. For Q+, a
similar argument holds.
APPENDIX B: PROOF OF THEOREM 6
In this Appendix, we prove Theorem 6 from the main
text.
Theorem 6. Q± and Q0 fulfill property M1’, i.e., if
Q(M) = 1, thenM is a unitary channel.
Proof. To prove the theorem, it is sufficient to consider
Q+(M) = 1, as Q−(M) ≤ Q0(M) ≤ Q+(M) ≤ 1. If
Q+(M) = 1, then for all unitaries U it holds that
max
|ψ〉
CU [M(|ψ〉)] = 1. (31)
This implies that for all U , there exists a state |Φ〉 and a
maximally coherent state |Ψ〉 with regard to U such that
M(|Φ〉) = |Ψ〉 . (32)
1 Note that in finite dimensional systems, all norms and topologies
are equivalent.
9To prove the statement, we show the following three
facts: (i) If Q+(M) = 1, then we find a basis {|Φi〉}
that is mapped to a basis {|Ψi〉} byM. (ii) In the range
of M, there exist vectors {|Ψ1j〉 =
∑D
i=1 β
(j)
i |Ψi〉}Dj=2
with the property β(j)1 6= 0 6= β(j)j for all j. (iii) From
the existence of the |Ψi〉 and |Ψ1j〉, it follows thatM is
unitary.
For the first fact, in order to find state |Ψ1〉, we sim-
ply choose a random basis and obtain a pure (maximally
coherent) state in the range of M due to the property
Q+(M) = 1. For the second state |Ψ2〉, we choose a
basis with |Ψ1〉 as a basis state. The corresponding max-
imally coherent state has an overlap of | 〈Ψ1|Ψ2〉 | = 1√D
and is therefore linearly independent. All other states
|Ψi〉 can be found step by step: Let us assume that we
have already found |Ψ1〉 , . . . , |Ψm〉 linearly independent
states. We construct an orthonormal set of states span-
ning the same subspace and extend it to an orthonor-
mal basis. The corresponding maximally coherent state
has nonvanishing overlap with the space orthogonal to
span{|Ψ1〉 , . . . , |Ψm〉} and is therefore also linearly inde-
pendent.
With this procedure we obtain the nonorthonormal ba-
sis {|Ψi〉}. The corresponding preimages also form a ba-
sis, as, from the Kraus decomposition (see also below) it
follows that the dimension of their span must be equal
to D as well.
For the second fact, we have to show the existence of
the vectors {|Ψ1j〉} with the properties mentioned above.
It suffices to show the existence of |Ψ12〉; the proof for
the other |Ψ1j〉 is analogous.
Given the basis {|Ψi〉}, we consider the normalized
dual basis {|γi〉} with the property 〈γi|Ψj〉 = ciδij for
some ci > 0 [43]. In this basis, β
(j)
i = c
−1
i 〈γi|Ψ1j〉 holds.
Now we search for a vector |Ψ12〉 in the range ofM with
the properties 〈γ1|Ψ12〉 6= 0 6= 〈γ2|Ψ12〉, as from these
conditions the presence of the desired coefficients β(2)1
and β(2)2 follows.
To this end, consider the orthonormal basis |b1〉 = |γ1〉,
|b2〉 ∝ |γ2〉−〈γ1|γ2〉 |γ1〉 and the other |bi〉 arbitrary. The
maximally coherent state |Ψ〉 in the range of M in this
basis can be written as |Ψ〉 = 1√
D
∑D
k=1 e
iφk |bk〉. The
overlaps are given by
〈γ1|Ψ〉 ∝ eiφ1 6= 0,
〈γ2|Ψ〉 ∝ 〈γ2|b1〉 eiφ1 + 〈γ2|b2〉 eiφ2 . (33)
If | 〈γ2|b1〉 | 6= | 〈γ2|b2〉 |, |Ψ12〉 = |Ψ〉 satisfies the desired
properties.
Otherwise, we instead choose the basis |b′1〉 =√
2
3 |b1〉 +
√
1
3e
iθ |b2〉 and |b′2〉 =
√
1
3 |b1〉 −
√
2
3e
iθ |b2〉
and the other |b′i〉 arbitrary. Now, the maximally coher-
ent state |Ψ′〉 = 1√
D
∑d
k=1 e
iφ′k |b′k〉, with respect to the
basis {|b′i〉}, in the range ofM has the overlaps
〈γ1|Ψ′〉 ∝
√
2
3
eiφ
′
1 +
√
1
3
eiφ
′
2 6= 0, (34)
〈γ2|Ψ′〉 ∝ (
√
2
3
eiφ
′
1 +
√
1
3
eiφ
′
2) 〈γ2|b1〉
+ (
√
1
3
eiφ
′
1 −
√
2
3
eiφ
′
2)eiθ 〈γ2|b2〉 .
(35)
As in this case | 〈γ2|b1〉 | = | 〈γ2|b2〉 |, we can choose
θ such that 〈γ2|b1〉 = eiθ 〈γ2|b2〉 6= 0. Then the right-
hand side of Eq. (35) is proportional to (
√
2 + 1)eiφ
′
1 +
(1−√2)eiφ′2 , which cannot vanish. Thus, in this case we
choose |Ψ12〉 = |Ψ′〉.
Finally, concerning the third fact, asM is a quantum
channel, it admits a Kraus representation, i.e., M(ρ) =∑r
l=1KlρK
†
l with
∑
lK
†
lKl = 1. Using the fact that
the |Φi〉 are mapped to pure states, we have for all l =
1, . . . , r that
Kl |Φi〉 = µli |Ψi〉 (36)
for i = 1, . . . , D, and
Kl |Φ1j〉 = κlj |Ψ1j〉 (37)
for some |Φ1j〉 =
∑D
k=1 α
(j)
k |Φk〉 and j = 2, . . . , D.
Decomposing the right-hand side of Eq. (37) in terms
of the basis {|Ψi〉} and using linearity on the left-hand
side, we have
D∑
k=1
µlkα
(j)
k |Ψk〉 = κlj
D∑
k=1
β
(j)
k |Ψk〉 (38)
for all l. Thus, for all l, j and k,
µlkα
(j)
k = κljβ
(j)
k . (39)
For a fixed j, consider the two equations for k = 1 and
k = j, where the corresponding β(j)k do not vanish by
assumption. If α(j)1 or α
(j)
j were 0, κlj = 0 for all l would
follow. This would imply thatM(|Φ1j〉) = 0, which can-
not be true ifM is a channel.
Otherwise, if κlj was 0 for one l, then this would imply
that µl1 = µlj = 0 for this l. However, µl1 = 0 implies
that κlj′ = 0 for all j′, which in turn implies that µlj′ =
0 for all j′. Thus, Kl would map a whole basis to 0
and, therefore, vanishes and can be neglected from the
decomposition of the channel.
Thus, we have that κlj 6= 0 and, from that, µl1 6= 0 6=
µlj . Then the ratio
µl1
µlj
=
β
(j)
1 α
(j)
j
β
(j)
j α
(j)
1
(40)
is independent of l. As this holds for all j, it follows from
Eq. (36) that the Kl must be proportional to each other,
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i.e., Kl ∝ Kl′ . Using now that M is trace preserving,
i.e.
∑
lK
†
lKl = 1, leads to K
†
lKl ∝ 1. Thus, all Kraus
operators have to be proportional to the same unitary V ,
and hence,M(ρ) = V ρV †.
It follows immediately from the proof above that, to
completely characterize a unitary channel, it is sufficient
to prepare a basis which is mapped to another basis by
that channel and another pure state in the image which
has nonvanishing coefficients in the latter basis. If one
can find such states, the channel is guaranteed to be uni-
tary and is uniquely determined by those states up to
a global phase. Since pure states can be characterized
with few measurements [44, 45], the same can also be
done with unitary quantum channelsM. Such a charac-
terization has also been constructively obtained in Ref.
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